We study conformally invariant nonlinear wave equations in four dimensions corresponding to multicomponent massless scalar elds with a quartic interaction. We prove that the scattering operator S on the space H of nite-Einstein-energy Cauchy data has in nitely many xed points, as well as periodic points of all orders. There are also 2 H such that S n is almost periodic but not periodic, and 2 H such that S n is not almost periodic. We also prove that H admits no conformally invariant K ahler metrics but in nitely many distinct K ahler metrics invariant under the Poincar e group and scale transformations. Moreover, we prove that time evolution for these nonlinear wave equations is completely integrable on the space H.
I. INTRODUCTION
For most relativistic nonlinear wave equations the construction of a scattering operator de ned on a physically natural space of solutions presently requires quite careful arguments. For conformally invariant nonlinear wave equations, however, the scattering operator arises rather simply in terms of the conformal embedding of Minkowski space in the Einstein universe. This facilitates the study of certain questions which are still intractable for nonlinear wave equations that are Poincar e-but not conformally invariant. In this paper we consider massless scalar elds with a quartic interaction, i.e., equations of the form u tf + q 0 (f) = 0 ; (1) where q is a non-negative homogeneous polynomial of degree four in the multicomponent scalar eld f. We work with the space H of` nite-Einstein-energy solutions'. A solution f has nite Einstein energy if the sum of its energy and that of its transform under conformal inversion is nite, or equivalently, if f extends to a nite-energy solution of the corresponding equation on the Einstein universe, as described below. More concretely, a solution f has nite Einstein energy if (1 + r 2 4 )((rf) 2 is nite. The advantage of the space H is that it is preserved by the action of the conformal group, which is not the case for the traditional space of nite-energy solutions. Some time ago I. Segal pointed out the signi cance of the physical vacuum in classical eld theories as an elliptic xed point for Minkowski time evolution and hence for the scattering operator 1 . For u tf + q 0 (f) = 0 with q 6 = 0 we show that there are in nitely many other xed points for the scattering operator, as well as periodic points of all orders. The question of the stability of these xed points and periodic points is closely related to Floquet theory, and using classical results on intervals of instability the presence of pseudo-hyperbolic' xed points can be established, which in turn implies the existence of solutions such that S n fails to be almost periodic. This contrasts interestingly with investigations of conformally invariant quantum eld theories 2 , which suggest (in part on in nite-dimensional classical systems whose corresponding quantized Hamiltonians have pure point spectrum (the`absence of quantum chaos').
A related question concerns the existence of invariant K ahler metrics on the solution manifold of a classical eld theory. The solution manifold typically has a natural symplectic structure, and a choice of`K ahlerization' of the solution manifold is closely related to a choice of vacuum state for the quantized theory 3 . The solution manifold of the linear equation u tf = 0, for example, has a at K ahler metric that is invariant under the conformal group, and states of the corresponding quantized theory may be represented as antiholomorphic functions on the solution manifold via the`complex wave' or`FockBargmann-Segal' representation 4 . We show that for q 6 = 0 the symplectic structure of the solution manifold H of u tf + q 0 (f) = 0 has no conformally invariant K ahlerizations, but has in nitely many that are Poincar e-invariant and at. The proof does not rule out the existence of a conformally invariant K ahler metric on a dense open subset of H, nor does it rule out the existence of conformally invariant polarizations that are not K ahler. Thus a manifestly conformally invariant`geometric quantization' may still be possible 5 .
We also show that Minkowski time evolution for u tf + q 0 (f) = 0 is completely integrable on the space H. This contrasts with the results of Nikolaevskii and Shchur 6 (see also Savvidy 7 and Steeb et al. 8 ). They embed the manifold of space-independent solutions of u tf + q 0 (f) = 0, where f = (f 1 ; f 2 ) and q(f) = f 2 1 f 2 2 , in the space of smooth solutions of the Yang-Mills equations. By proving that time evolution on this manifold is nonintegrable, they conclude that the Yang-Mills equations are not integrable. However, these space-independent solutions are not of nite Einstein energy, nor of nite energy in the usual sense, and their relevance to the physics of localized systems is presumably only indirect. There is thus no contradiction: while the complete integrability of some well-known equations in two-dimensional spacetime is rather robust with respect to the space of solutions considered 9 , there is no a priori reason to expect this in general. Indeed, it is possible that the Yang-Mills equations are completely integrable on a suitable space of solutions modulo gauge transformations. In a separate paper 10 we show using scattering theory that there are in nitely many gauge-invariant conserved quantities for su ciently 
and ('; _ ')j =0 = , these equations being taken in the sense of distributions. We call such ' a nite-Einstein-energy solution of (2) and denote the space of such by E q , which may be given a Hilbert manifold structure such that the map 7 ! ' is a di eomorphism.
The group e G = g SO(2; 4) acts as conformal di eomorphisms of f M, and the subgroup preserving M 0 is the universal cover of P, the extension of the Poincar e group P 0 by scale transformations. The group e G acts on E q via (g')(x) = kdg ?1 x k'(g ?1 (x)) ; g 2 e G; x 2 f M; (3) and this action gives rise to an action U q of e G as di eomorphisms of H.
Let : M 0 ! f M denote the conformal embedding. Given a nite-Einstein-energy solution ' of (2), and de ning f: M 0 ! V by f(x) = p(x)'( (x)), where p is the conformal factor associated with , then (1) holds in the distributional sense, and f is said to be a nite-Einstein-energy solution of (1). This correspondence allows one to study scattering of nite-Einstein-energy solutions of (1) in terms of equation (2) 
This gives rise to a close relationship between and scattering. Equation (4) 
Thus S is conjugate by a di eomorphism to ?U q ( ?1 ).
For g 2 e P,
III. STATEMENT OF RESULTS
Recall that given a Banach space X, a sequence fx n g n2Z Z in X is said to be almost periodic if the closure in L 1 (ZZ; X) of the set of translates of the sequence fx n g is compact.
(For equivalent de nitions see Ref. 16 .) Given a homeomorphism F: X ! X, the point x 2 X is said to be almost periodic for F if the sequence fF n xg is almost periodic, and weakly almost periodic for F if f (F n x)g is almost periodic for every 2 X . A point x 2 X is said to be periodic of order n for F if n is the least positive integer such that F n (x) = x. Also, we say that two elements of H are equivalent if for some g 2 e P, U(g) maps one into the other. We shall prove: In short, the functions F i are a complete set of conserved quantities for equation (1) the case of f quartic represents a`critical exponent' to which these methods do not so far apply 17 . Instead of taking an abstract approach, we will exploit the properties of explicit space-independent' periodic solutions of (u t + 1)' + q 0 (') = 0 on f M to prove theorems 1 and 2.
We recall that the one-parameter Einstein time evolution subgroup of e 2 )P(a) = n for some integer k. Using the fact that P(a) is continuous and strictly decreasing, it follows that for any n there are in nitely many values of a for which a is a periodic point of order n for S, and that there are uncountably many values of a for which a is almost periodic but not periodic for S. Thus statements 2 and 3 have been shown.
To prove statement 4, we consider small perturbations of the space-independent solutions: Lemma 1. Suppose that a > 0 and P(a)= is rational. Then U q (exp(?2n X 0 )) a = a for some n, and the di erential of U q (exp(?2n X 0 )) is a bounded operator on the tangent space of H at a . This operator is of the form I + K with K compact, and decomposes as the direct sum of linear operators T i on 2-dimensional subspaces of the tangent space of H at a . For in nitely many such a one of the summands T i has a real eigenvalue of modulus less than one. Next we use some results from Floquet theory 18 . First, to show that one of the matrices T i has a real eigenvalue of modulus less than one, it su ces to show that for some integer N > 1 equation (10) has unbounded solutions, or that N 2 lies in one of thè intervals of instability' ( 2j?1 ; 2j ). We use an explicit formula for the function g a above to show that these intervals of instability are nonempty. By the de nition of the Jacobi elliptic function cn(tjm) as the solution of the di erential equation , and s = bt: This equation is of intrinsic interest in Floquet theory, and appears in the inverse spectral approach to spaceperiodic solutions of the Kortweg-deVries equation 9 . It is known that none of the intervals of instability of Lam e's equation is empty unless p is an integer. By the de nition of p above, this does not occur if c 1.
We will treat the endpoints of the intervals of instability for (10) as functions of a. The above remarks imply that the endpoints of the 2jth interval of instability of (10) For any su ciently small P > 0, there exist a 1 ; a 2 with 2P(a 1 ) = P(a 2 ) = P, a 2 Thus in nitely many a 2 a 1 ; a 2 ] have P(a)= rational and N 2 2 ( 2j?1 (a); 2j (a)). u t Lemma 2. For in nitely many values of a, S 2n a = a for some n, and the di erential of S 2n at a is of the form I + K with K compact, and has a real eigenvalue of modulus less than one.
Proof -If P(a)= is rational, then S 2n a = a for some n. By (8) the di erential of S 2n at a is conjugate to the di erential of U q (exp(?2n X 0 )) at a . By Lemma 1 this implies that the di erential of S 2n at a is of the form I + K with K compact, and is conjugate to the direct sum of the matrices T i . Choosing a as in Lemma 1, it follows that the di erential of S 2n at a has a real eigenvalue of modulus less than one. u t
To prove statement 4 of the theorem in the special case we are considering, choose a xed points 19 , in any neighborhood of a there exists 0 6 = a such that lim n!+1 kS 2n 0 ? a k = 0 :
This implies that fS n 0 g cannot be weakly almost periodic, as the only convergent weakly almost periodic sequences are constant 16 . Lastly, we make the following observation. Given q on V , let V 0 be a one-dimensional subspace of V such that the maximum of q on the unit ball of V occurs at the intersection of V 0 with the unit sphere. Let e be a unit vector in V 0 , and let = 4q(e). If ': f M ! IR is a nite-Einstein-energy solution of (u t + 1)' + ' 3 = 0 ; then e': f M ! V is a niteEinstein-energy solution of (2). This embedding is easily seen to reduce the proof of the theorem to the special case we have considered. u t Corollary. Assume that q 6 = 0 and n is a non-negative integer. Then there exists a family show that for all n; m the complement D c n;m is nowhere dense in H. 
